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Abstract

In recent years, the exploitation of unconventional natural gas resources, such as coalbed methane and shale
gas, along with the continuous promotion of measures to enhance production from existing oil and gas
fields, has significantly increased the demands on oil and gas fracturing equipment. The torsional vibration
of the transmission system in such equipment can critically affect its performance and service life. This
study focuses on the transmission system of a specific type of fracturing truck. A nonlinear dynamic model
of the transmission system is established, incorporating time-varying meshing stiffness, time-varying
meshing damping, comprehensive meshing error, and tooth side clearance as nonlinear parameters for each
gear pair. The nonlinear torsional vibration response is solved using the fourth-order Runge-Kutta method
with adaptive step size, revealing a maximum torsional vibration angle of 0.5863° in the transmission
system. Furthermore, a qualitative analysis of the nonlinear system is conducted, yielding bifurcation
diagrams, phase plane diagrams, and Poincaré cross-section diagrams based on the damping coefficient to
explore the stability and periodicity of the nonlinear system solutions. The developed nonlinear model of the
fracturing equipment's transmission system provides valuable insights for enhancing system stability and
improving the accuracy of torsional vibration simulation analyses.

Keywords: fracturing truck, drive train, torsional vibration, nonlinear analysis

Introduction

The increasing demand for oil and gas extraction,
driven by the exploitation of unconventional
resources such as coalbed methane and shale gas,
has spurred significant advancements in hydraulic
fracturing technologies. A key factor in the
performance of fracturing equipment, particularly
fracturing trucks, is the effectiveness of their
driveline systems, especially the transmission
components. These systems are essential for

transmitting power from the engine to the
operational components, often subjecting them to
substantial torsional vibrations. Such vibrations
not only affect operational efficiency but also
have critical implications for the durability and
reliability of driveline components. As a result,
understanding and mitigating torsional vibrations
in fracturing truck driveline systems has become a
key focus of recent research.
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Torsional vibration has been a longstanding
challenge in driveline systems. To analyze its
mechanisms and control strategies, researchers
worldwide have proposed various analytical
approaches. Liu et al. [1] developed a dynamic
equation for a two-mass nonlinear torsional
vibration system with tooth clearance, deriving an
exact solution using the multiple scales method.
They explored the effect of tooth clearance
variations on the torsional response. Li et al. [2]
proposed a nonlinear vibration amplitude model,
considering clutch stick-slip characteristics, and
derived the torsional vibration response
analytically, analyzing the self-excited vibration
behavior of the clutch's driven plate. Wang et al.
[3] established a nonlinear dynamic model for the
GTF engine's star  gear-rotor  coupling
transmission system, incorporating time-varying
meshing stiffness, error, and tooth clearance as
piecewise nonlinear parameters. Using the Runge-
Kutta method, they examined the effects of key
parameters such as input speed, tooth side
clearance, meshing error, and gear meshing
damping on the torsional response. Qu et al. [4]
studied the influence of clutch nonlinearities on
torsional vibration in automotive drivelines using
numerical ~ simulations and  experimental
validation. They developed a seven-degree-of-
freedom powertrain model that considers transient
engine torque, multi-stage clutch nonlinearities,
and tire slip to analyze the dynamic behaviors of
the driveline system. Moharrami et al. [5]
introduced an efficient finite element modeling
approach to simulate stick-slip torsional vibrations
in full drill strings, including rate-dependent bit-
rock interaction, frictional contact, large rotation
nonlinearities, and axial-torsional coupling. They
validated their five-degree-of-freedom lumped
parameter model with field test comparisons,
demonstrating its ability to capture self-excited
torsional vibrations at frequencies lower than the
first natural frequency of the drill string. Xia et al.
[6-8] developed a nonlinear dynamic model of a
pickup truck driveline system, incorporating new
elements such as a general nonlinear clearance
element, a friction element with the Stribeck
effect, and a nonlinear multi-stage stiffness-
damping element. They established a 10-degree-
of-freedom lumped parameter model and
numerically studied transient vibro-impact, stick-
slip, and hysteresis phenomena during clutch
engagement, with  experimental validation.

Idehara et al. [9] used bench test results for
torsional dampers and powertrain vibration
measurements to calibrate a nonlinear three-
degree-of-freedom model, estimating driveline
natural frequency and time-response vibrations,
employing order tracking to isolate engine
excitation responses. He et al. [10] developed and
simulated an analytical model of a dual-mass
flywheel (DMF) driveline torsional vibration
system during engine start-up, analyzing driveline
excitation and comparing simulation results with
vehicle start-up tests. The study further
investigated the effects of DMF parameters, such
as rotary inertia ratio, hysteresis torque, and
nonlinear  torsional stiffness, on vibration
attenuation, and proposed DMF design
requirements for optimal performance during
start-up.

Despite significant progress in the study of
torsional vibrations in driveline systems, research
focusing specifically on the nonlinear dynamics of
fracturing truck transmission systems remains
limited. With the development of artificial
intelligence technology, it has driven the
advancement of the field of mechanical
engineering [11-20]. This study aims to address
this gap by developing a comprehensive nonlinear
model of the driveline system in fracturing trucks,
incorporating key nonlinear parameters such as
time-varying meshing stiffness, damping, and
tooth side clearance. The proposed model
provides a more accurate representation of the
system's dynamic behavior, offering valuable
insights into the stability and performance
characteristics of fracturing truck transmission
systems.

2 Modelling of non-linear systems
2.1 Time-varying meshing stiffness of gears

The specific expression for stiffness is shown in
Eq. (2).

K=rx ®

in which, F is the load acting on the normal plane;
L is the face width of the gear teeth; o, is the total
amount of tooth deformation.

Total deformation of the gear in the direction of
the meshing line at the point of loading d,can be
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derived from Eq. (2). 8y is the deformation of the rectangle in the
simplified model, can be derived from Eq. (3).
5,26, +6,+6, +6, @) P 6 @)
12F, cos’ m. h?
5, === B h b (h —h )1
Br EbS? |: X r( X r) 3:| (3)

Oy, is the deformation of the trapezoidal part of the simplified model, can be derived from Eq. (4).

6F, cos’ o, 3| h—h h —h h —h
Sy =——_X(h-h )| Z—*| 41 % | _2In1—*_3
® EbS? (h r){hr—hr( hf-nJ h —h } @

1 r

J5 is the amount of deformation produced by the shear force, can be derived from Eq. (5).

2(1+v)F, cos’ o h —h
05 = “h +(h =h )In—
S Ebe I'+( 1 r) nh h (5)

1 X

0, is the elastic deformation caused by the inclination of the tooth root base, can be derived from Eq. (6).

_ 24F,hicos’ o,
¢ 7EbS?

(6)

When the gears mesh, the total deformation between the gear pairsd; ,can be derived from Eq. (7).
5,=6,+06,+5,, (")

in which, 6,, 9, are the deformation of a single gear in the direction of the meshing line; J,, is the amount
of deformation of the contact part of the tooth surface, can be derived from Eg. (8).

4(1-v?
O™ (7Z'E )

I:N
e (8)

Since the time-varying meshing stiffness exhibits periodicity, it can be fitted to a Fourier series, the time-
varying engagement stiffness obtained K, (t) is shown in Eq. (9).

k. (t):k0+2n:[aZ cos(za,t)+b,sin(za,t) ] (9)

z=1

in which, k,(t)is the time-varying engagement Fourier series expansion and the number of
expansion orders is obtained using MATLAB and

i Ko i i i a i ) L : ; .
stiffness; K, is the Fourier series constant term; a, is is shown in Fig. 1. The Fourier series expansion

the Fourier series cosine term;b, is the Fourier order with the smallest error degree is obtained as
series sine term; @, is the gear meshing frequency. 10th order, and the time-varying stiffness of the

gear fitted by 10th order Fourier series is shown in
The relationship between the fitting error of the Fig. 2.
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Figure 1 Fitting error of Fourier series

2.2 Time-varying gear mesh damping

Gear mesh damping is proportional to the time-
varying mesh stiffness of the gear, and since the
mesh stiffness has a time-varying characteristic,
the mesh damping also has a time-varying
characteristic [13]. The method of analyzing gear
dynamics that locates the mesh damping as a
constant is not rigorous, and the time-varying
mesh damping can be derived from Eq. (10).

2,2
‘Jl‘]ZrblrbZ

10
hid; 659, (0

C,(t)= 25\/km (1)

210
196 |
182 |
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e

Meshing damping(Ns/m)
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1.72E+09 |
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Meshing stiffness(N/m)
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Run time(s)
Figure 2 Fitting curve of Fourier series

in which,J ,J,are the moment of inertia of the
master and slave gears respectively;k_ (t)is the

time-varying engagement stiffness;r,,r,,are the
radii of the base circle of the master and slave
gears respectively;c (t)is the time-varying
engagement damping; £is the damping ratio,
which ranges from 0.03 to 0.17, and 0.1 is taken
in this paper.

The time-varying meshing damping of the gears is
shown in Fig. 3.

b= b=

0.0000 0.0005 0.0010

0.0015  0.0020

Run time(s)
Figure 3 Time-varying meshing damping of gear

2.3 Combined gear mesh error

The meshing errors of gears are generally due to
gear machining and assembly deviations and are
one of the main dynamic excitations affecting the
meshing operation of gears. It mainly consists of
tooth shape error and base pitch error, and in the
theory of gear dynamics, the cause of these errors
can be understood as the wheel tooth meshing
error that exists between the actual tooth profile
and the ideal tooth profile. Let the gear tooth

meshing error be a cyclic error, which can be
expressed by a sinusoidal function as Eq. (11).

e(t)=e,+e, sin(2zt/T, +¢) (11)

in which,e,is a constant value for the combined
meshing error of the gear teeth. Usually taken as
e, =0 ; e is the magnitude of the combined

meshing error of the gear teeth, can be selected
according to the modulus of the gear, the number
of teeth and processing accuracy to consult GB/T
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10095.1-2001;T, is the meshing period of the gear,
T, =60/nz ,Where n is the gear speed and z is the
number of gear teeth.

In gear transmission systems, a certain lubrication
gap must be maintained between the tooth profiles
to reduce friction between the gear teeth. Due to
the presence of tooth side clearance, gear meshing
leads to phenomena such as tooth surface
disengagement and tooth back contact. Along the
meshing line Q of the gear pair, the state of the
tooth mesh varies within the interval [0, 2bj],
where b represents half of the tooth side

clearance. The relative displacement of the gear
teeth along the meshing line is described by Eq.

7)1

(12), which is a discontinuous, non-differentiable,
and highly nonlinear function, as illustrated in
Fig. 4.

é‘i_bi é‘i>bi
f(5)=1 0 |al<b (12)
5i+bi 5i<_bi

in which, s, is the relative displacement on the
meshing line of the gear pair;b is 1/2 tooth side
clearance.

/

e

Y

b,

i

Figure 4 Nonlinear function of tooth side clearance

Based on the above nonlinear parameters, the
analytical model of gear dynamics within the
drive train is shown in Fig. 5.3, . ¢, . r, are the
moment of inertia, angle of rotation and radius of
the base circle of the main wheel, respectively; J_,

. 0, rare the moment of inertia, angle of
rotation and radius of the base circle of the driven

() in

/F, e(t)

The relative linear displacement between the two

wheel, respectively;k, (t)is the time-varying
meshing stiffness of the gear;c, (t)is the time-
varying meshing damping of the gears; e(t)is the
combined gear meshing error; 2b is the tooth side
clearance.

JOII'

Figure 5 Dynamic model of gear system

meshing gears can be derived from Eq. (13) due to
the effect of non-linear parameters such as the
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combined gear meshing error and tooth side
clearance.

U; :(uout —U;, +e(t)+f (é‘l )) (13)
The tangential force between the two meshing

gears subjected to time-varying meshing stiffness
can be derived from Eq. (14).

Fo =K (t)'ui (14)
Similarly, the tangential force due to the time-

varying engagement damping can be derived from
Eqg. (15).

|:ci =Cn (t)l& (15)

In this way, the equation of the active wheel
dynamics in the drive train is Eq. (16).

Jin%_ Faloin — Feiloin = Tin  (16)
The dynamic equation of the driven wheel is Eq.
(17).

&

out ~out

J + Filiout + Feiloout = Towe @7

i "bout ci “bout out
The nonlinear dynamic equation for the drive train

of the equipment on the integral fracturing truck
table is Eq. (18).

I CoF4 Ko =T (@19

in which, J is the equivalent rotational inertia of
the inertia disc of the drivetrain, K is the stiffness
matrix of the drivetrain, T is the external
excitation vector of the drivetrain, and C is the
damping matrix of the drivetrain, with their

respective expressions:
% )
‘] 2
‘]3
J= o (19)
Jas
L "]34 i
& L 0 0 L 0
M M M M M M
K _ 0 L _k13 k13 + km3 (t) rbza _kmA (t) rb3rb42 L 0 (20)
0 L 0 Kou(t)rahe ks toa(t)r, L 0
M M M M M M
_0 L 0 0 L ke, ]
¢, L 0 0 L 0 ]
M M M M M M M
C- 0 L _C13 C13 u Cm3 (t) rbzs _CmA (t) rbarbzl L 0
0 L 0 G, (t) Cs+ Gy ()15 L 0 21)
M M M M M M M
_0 L 0 0 L Cy |
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iaﬂ sin (ia,t)
B 0 7 B 0 T i;l
T & a,; sin (iay,t)
T2 aZO =
T=| M|=| M|+ M
Tis Q130 m
0 0 Zaﬂi sin(iayt)
i 0 | i 0 | i=1
0
0

3 Nonlinear response solving

The methods for solving nonlinear problems
include analytical, geometric and numerical
solutions. Since the gear system is more nonlinear

0
Zm:bli cos (iaw,t)

Zm: b,; cos (iw,t)
i=1

+ M (22)

Zm:blgi cos(iayt)

0

and it is difficult to solve the problem by
analytical and geometric methods, this paper
adopts the fourth-order Lunger-Kutta method with
adaptive step size to solve the problem. The
specific formulas are shown in Eq. (23) ~ (27).

yi+1:yi+g(Kl+2K2+2K3+K4) (23)

Klzf(xi’yi)

K, = f(xi +g,yi +EK1

~

in which,h is the step length. Usually, the
truncation error decreases as the step size
decreases, but as the step size decreases, the
number of steps in a certain interval also
increases, which leads to the increase of workload
with the large accumulation and transmission of
rounding error.

The adaptive step-size Lunger-Kutta method
inherits the advantage of the classical Lunger-
Kutta method [16] in solving conveniently, and
cleverly balances the accuracy and computational
volume, so the adaptive step-size fourth-order
Lunger-Kutta method is chosen in this paper for
solving the response problem of nonlinear
systems. The basic principle is: Starting from
node x ,the approximate value is first obtained

using a step size of h,denoted byy" since the
local truncation error of the fourth-order Longe-

,=f (xi +g,yi +2K2j

K, =f(x+h,y+hK;)

(24)

j (25)

(26)
(27)

Kuta method is o(h*): Eqg. (28) is available:

y(Xi+1) - yffl) ~ch® (28)

When h does not change much, the coefficient ¢
can be viewed as a constant. Reducing the step
size by half, taking % as the step size. Then from

node x as a starting point, spanning two steps to
node x .then get an approximation y"*, This
results in a truncation error of C(%)S per step

across, hence Eq. (29) ~ Eq. (31).

Y
y(Xi+l) - yi(:]{Z) ~2C (E) (29)
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)—y2)
y(X|+1) y|+1 Ni (30)

Y(Xm) - Y.(fl) 16
1
y(x.a) =i = (v -vil) @D

The deviation of the two calculations before and
after halving the step length can be used to judge
whether the step length is appropriate, and the
error is shown in Eq. (32)/

h h
i(+{2) - y|(+:g

A=

(32)

When the required numerical accuracy is ¢, it is
divided into the following two cases:

WhenA > ¢, the step length is halved several
times until A< g, and the calculation of its last

step length is taken as Y, , ;

0.60

)

045+

0.30

T

0.15

T

Maximum Torsional Vibration

Angular Displacement(”

0.00 rn”

When A < ¢, double the calculation for the step
size several times until A > ¢, and take the result

of the last step size calculation as Y;,; .

This method, which adjusts the step size to control
the solution accuracy, is known as the adaptive
step size method. Although it may appear that the
overall computational workload increases due to
the need to repeatedly assess the error at each
step, in practice, when the solution to the
equations undergoes significant variation, the total
computational effort is reduced, and the error is
effectively controlled. The nonlinear dynamics
equations of the transmission system are solved
using the fourth-order Runge-Kutta method with
adaptive step size, vyielding the maximum
torsional displacement of each degree of freedom
in the system, as shown in Fig. 6.

M

10

20 30

Degrees of freedom in nonlinear system

Figure 6 Maximum torsional angular displacement of freedom degree

As can be seen from the above figure, the
amplitude of torsional vibration of the
transmission system of the equipment on the
fracturing truck platform is the largest at the
output end of the engine, followed by the free end

)

0.70

035F

0.00

0.35F

angular displacement(

Torsional vibration

of the fracturing pump. The torsional vibration
response curves of the engine output and the free
end of the fracturing pump are shown in Fig. 7
and 8.

____ Multibody dynamics simulation
~ ~ ~ Lumped parameter model simulation

0.70 -
0.000 0.025

0.050 0.075

Run time(s)

Figure 7 Response curve of engine output
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angular displacement(”

Torsional vibration

Multibody dynamics simulation
— — - Lumped parameter model simulation

0.36 L
0.000 0.025

0.050 0.075

Run time(s)

Figure 8 Response curve of free end of pump

The maximum torsional angle of the transmission
system, obtained using the Runge-Kutta method,
is 0.5863°, which deviates by 2.4% from the value
obtained through multibody dynamics. A
comparison shows that the response curve of the
nonlinear transmission system model, solved via
the Runge-Kutta method, generally follows the
trend of the multibody dynamics model solved
with ADAMS, though some error exists. The
primary sources of error include:

a) The nonlinear system model simplifies the
transmission system, neglecting the impact of
its geometric shape on the torsional vibration
response.

b) The  ADAMS multibody  dynamics
simulation, while using boundary conditions
close to real supports, does not account for
the influence of the other five degrees of
freedom on the torsional vibration response.

c) Errors are introduced during the flexible
modeling process in multibody dynamics due
to mesh partitioning, the addition of output
interfaces, and filtering of higher-order
modes.

d) The inclusion of nonlinear parameters, while
improving the realism of the results,
introduces cumulative errors in the numerical
solution process.

According to the petroleum and natural gas
industry standard SY/T 5211-2009, the torsional
vibration amplitude of fracturing equipment shaft
systems should not exceed 0.5°. Therefore, further
research into torsional vibration control for this
system is essential.

4 Qualitative analysis of nonlinear systems

In the study of nonlinear systems, merely using
quantitative analysis to derive the response curves
does not provide a clear representation of the
system's response characteristics. A qualitative
analysis is also necessary to determine the
system's stability and periodic behavior.

Taking the structural damping of a transmission
system as the research subject, this study
investigates the effect of varying damping
coefficients on the system's torsional vibration
response. A bifurcation diagram is plotted for the
system's damping coefficient in the range of [0,
0.05], as shown in Fig. 9. According to the
bifurcation diagram, when the damping
coefficient is zero, the system exhibits chaotic
motion. As the damping coefficient increases, the
system stabilizes and transitions to a single-
periodic oscillation state.The periodic
characteristics of the system are further analyzed
for damping coefficients of 0 and 0.035,
respectively, to explore the impact of damping on
the system'’s dynamic response.
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Figure 9 System bifurcation diagram of damping coefficient

When the system's damping coefficient is zero,
the Poincaré section is plotted based on the phase
plane diagram, with the initial section set at zero.
The torsional vibration response curve, phase
plane diagram, and Poincaré section diagram of
the engine crankshaft output are shown in Fig. 10.
Similarly, the torsional vibration response curve,
phase plane diagram, and Poincaré section
diagram of the fracturing pump crankshaft output
are also depicted in the same figure.

It can be observed that the phase diagram of the
engine crankshaft output consists of intercrossing,
closed-loop trajectories, and in the Poincaré
section diagram, it appears as three distinct cloud-
like point clusters, indicating a quasi-periodic
motion with a 3-period cycle. In contrast, the
phase plane diagram of the free end of the
fracturing pump exhibits intersecting, non-
coincident, and unstable trajectories, with the
Poincaré section showing multiple point clusters,
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Fig.10 Analysis results of engine crankshaft output(when the system damping factor is 0)
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shaft torsional vibration response diagram output shaft phase plane diagram

section diagram

output shaft Poincaré

Figure 11 Analysis results of fracturing pump crankshaft outputs(when the system damping factor is

When the damping coefficient is 0.035, the
Poincare section diagram is drawn based on the
phase plane diagram, with the initial section set at
zero. The torsional vibration response curves,

0.6

0.15
031

0.00 f
0.0

-0.15}F
-0.3

-0.30F

-0.6

0)

phase plane diagrams, and Poincare section
diagrams of both the engine crankshaft and the
fracturing pump crankshaft outputs are shown in
Figures 12 and 13.

Torsional vibration response(” )
Torsional vibration response(” )
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Figure 12 Analysis results of engine crankshaft output (when the system damping factor is 0.035)
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Figure 13 Analysis results of fracturing pump crankshaft outputs

(when the system damping factor is 0.035)

From the above diagram, it can be concluded that
both the phase diagrams of the engine crankshaft
output and the free end of the fracturing pump
show stable closed loops, indicating that the
response tends to stabilize. Additionally, the
Poincaré section diagrams exhibit a single-point
state, which indicates that the response is a
periodic, single-cycle response.

5 Conclusion

In this study, a nonlinear dynamic equation for the
drive system of the fracturing vehicle is
established by analyzing multiple nonlinear
parameters of the equipment transmission system.
The system's torsional vibration response at
critical positions is solved numerically using the

adaptive step-size fourth-order Runge-Kutta
method. By comparing the obtained response
curves with those from simulation methods, it is
found that while there are some numerical errors,
the overall trends of the two results are consistent.
A qualitative analysis of the nonlinear system is
conducted using graphical methods, resulting in
the bifurcation diagram, phase plane diagram, and
Poincaré section diagram. It is concluded that
when damping is neglected, the torsional vibration
response of the drive system exhibits a non-
periodic chaotic behavior. However, when
damping is considered, the system's torsional
vibration response stabilizes and transitions to a
stable, single-periodic state.
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